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PRESSUREDISTRIBUTIONAND DAMPINGIN STEADY PITCH
AT SUPERSONICMACH NUMBERSOF FLAT SWEPT-BACK
WINGSHAVINGALL EDGES SUBSONIC
By HaroldJ. Walker andMary B. Ballantine
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PKESWREDISTRIBUTIONAMDDAMPINGIIVSTIMUYYFIITCH
ATSUEERSOIUCMACHNQMEERSOFFIATEWEPK6ACK
WINGSHAVINGALLEIX2ESSUBSOMIC
ByHaroldJ.WaUserandMaryB.Ballantine
.SUMMAKY
.
A methcdispresentedfcm?-calculatingthepressuredistribution0 and.,
dampinginsteadypitchatsup&soticMachnumbersofthin,flat,swept-
backwingshavingalledgesstraightandsubsonic.Althoughitisadapta-
ble towingswithnegativerakeatthetips,themethodisappliedonly
towingswithstreamwisetips.
a
..
Themethodconsistsoftwosteps:first,thecalculationfa basic
pressuredistribution,whichisidenticaltothatexistingonaninfinite
triangularplanformhavingleadingedgesthatcoincidewiththoseoftiie
swept+backwing;andsecond,thecorrectionfthisbasicdistributionto
accountfortheeffectsofthesubsonictrailingedgesandtips.Incal- ~
culatingthevariouscorrections,u eismadeoftheprincipleofthe
superpositionofconicalflows.Thederivativeforthedampinginpitch
iscalculatedina similarmanner.
Inapplyingthemethaiofanalysistoa typicalconfiguration,it
wasfoundthatseveralofthecarectionsweresmall,and,froma practi–
calstandpoint,couldbedropped..Bydroppingthesetermsthemethtis “
shortenedtotheextent”hatitcloselyparallelspreviouslypublished
methalsforcalculatingthelift,pitchingm“ment,anddampingin“rollof
swept4ackwingswithsubsonicedges.
A substantialreductionofthepressureinthevicinityofa subsonic
tip
the
the
wasdisclosedinthe
casesofst~ay lift
Themethcdisbased
linearizedpotential
analysis.Thiseffectwasalsofoti earlierfor
andsteadyroll.
upontheusualassumptionsandlimitationsof
theoryforsupersonicflow.
INTRODUCTION
Methodshavebeendevelopedpreviously.for
pressuredistributionandthedampinginsteady
.
.
.
thecalculationfthe
pitchatsupersonicMach
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ntiersforthin,flatwingsofvariousplanforms,includingtriangular
wings(reference1),rectangukrwtngs‘(reference2),wingswithsuper-’
sonicleadingedgesbutsomewhatar%itraryplanform(reference3), and
swept+ackwingshavingallsupersonicedgesora combinationofsubsonic
leadingedgesandsupersonictrailingedgesandtips(references4 and5]. z
Anapproximateanalysisofthedampinginpitchofa limitedclassof
swept4ackwingshavingalledgestisonicandstraightisreportedin
reference6. In the presentreport,a method,whichcanbeappliedmore 9
generallythanthat~ reference6, isyesentedfcmtheanalysisofswept-
backwingswithstraightsubsonicedges.
Thepresentmethcd.ofanalysisconsistsessentiallyinthesuper-
positionofvariousconicalandquasi+onica12fieldsofpressureinsuch
a mannerthatthe~icular boundaryccmditimsfora swep-ck wingin
steadypitcharefulfilled.Indetail,itcloselyfollowstheanalyses
giveninreferences7and8 for the caseof steadyliftand.inreference9 0
forthecaseofsteadyroll.Theanalysesforthethreecases,infact,
differonlyinapplicationtothedifferentsets”ofboundarycmiiticms
correspondingtolift,roll,andpitch.
Thepresentanalysisandthoseofreferences7 and9 arelimitedto
wingshavingzeroornegativerakeatthetips;however,wingshaving
positiverakecanbetreatedthroughanadaptationfthemethaigiven
inreference8. Althoughtheanalysisforthetypeofconfigurationn
whichtheMachlinesfromtherootofthetrailingedgeintersectthe
leadingedgeipn6tcomplete,theresultsgivenforthiscasearesuffi-
.
cientlyaccurateformanypracticalpurposes.Thescopeofthemethod
ingeneralislimitedtotheusualidealizationsa dassumptionsoflin-
earizedpotentialtheory.
Toillustrateheapplicationf the method,calculati-ofthe
a- derfvatiwm ofthepressuredistributionalongseveralchord-
.
wiseandspanwisesecticmsoftheswept+ackw- showni+figurel(a)
areincluded.
NmTIm
a slopeofanyraythroughorigindividedbyslopeofMach
13nes(fig.l(b))(~~)
‘Theterms“subsonicedge”and“supersonicedge”refertoedgeshaving
nmmalcomponentsofflowwhicharestismicandsupersonic,
respectively.
2Theterm“quasi+onicalpressure”designatesa pressurewhichis
distributedlinearlyslangrayspassingthrougha fixedpoint.
“
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theray a intersectingthetrailingedge
franwhichtheMachlinepassingthrough
leadingedgeemanates(fig.1(13))
theray a intersectingthetrailingedge
frmuwhichtheMachlinepassingthrough
atthepoint
thetipofthe
atthepoint
pointP(x,y)
py+co-x.
emanates(fig.l(b)[ontrailing~geyao~
1
py+c@&
ontip,ao-* - “
slopeofraythroughthetrailing-edgetipdividedby
slupeofMach
wingspan ‘
pitching+mment
, (-dlines(fig.l(b)
%?
coefficient
[+
M
(
1v Scoz+
acm
derivativef& thedampinginpitch[q+
(Inthepresentreport,”~ withnosub~iptrepresents
.
thedampingmoment
resultingfromthe
y axisinsteadof
equation(2).)
rootchordofwing
about~hecenter-of-gravityaxis
loadingduetosteadypitchabouthe
thecenter+f-gratityaxis.See
auxiliaryfunctionsu edinanalysis
slopeofleadingedgedividedbyslopeofMachlines
(fig.l(b) [~cotA)
sl~eofray~ss~ t~~ pofit‘A>yAW ‘ip‘fl@-
ingedgedividedbyslopeofMachlines(fig.l(b))
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slopeofraypassingthroughrootoftrailingedgeand
tipofleading“edgedividedbyslopeofMachlines
. (fig.l(b))
(*) ‘
slopeoftipdividedbyslopeofMachlin6s
slopeoftrailingedgedividedbyslapeofMachlines
(fig.l(b))
pitchingmomentabout he y axis
fkee-streamMachnumber
pressuredifferenceb tweentheupperandlowerwingsur-“
faces ()pressurecoefficient-$2
correctiontothebasicpress~ecoefficient
basic.~essurecoefficientattherootofthetrailing
edgefora wingatconstantangleofattack
basic’pressurecoefficientattherootofthetrailing
edgefora winginsteadypitchingmotion
steadypitchingvelocity,radiansperunitoftime
. (positive,ifdirectionfrotationisthatofincreas-
m angleofattack)
l-2nF~+ m’ ~
1 — m= 1 — m=
s Semisplofwing
s area ofwing
t slopeofanyraypassingthroughthePetit,XAjYA(’:)dividedbyslopeofMachlines’ —
.
to slopeofraythroughtrailing+dgeapexdividedbyplope
ofMachlines(~$)
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free-streamvelocity .
Cartesiancoordinatesinthestreamdirection,acrossthe
stream,andintheverticaldirection,respectively(fig.
l(b))
streamwisedistancefrom y axistothecenterofpressure
ofanelementofwingarea
streamwisecoordinateofpointwhereanyray to intersects
tip ur leadingedge(forthetip, X6=*+ co;forthe
Cg
leading edge, X6 = ~+
o
streamwisedistancefromy
airplaneconfiguration
~o
co)
axistocenterofgravityof
.
forceintheverticaldirectia
dimensiaulessparameterrepresentingsteadypitchingvelocity
A&4
ccustantfactorusedinequatio&”(5)and(6)
free-streammassdensity
argument
angle of
ofinversecosinete~ (seetext)
sweepofleadingedge
EllipticIntegrals
.
complete,
complete
c~lete
complete
~
ellipticintepaloffirstkindwithmodulus~l=m2
ellipticintegralofsecondkhd withmcxiulus~~
ellipticintegraloffirstkindwithmtiulus~
ellipticintegralofsecondkindwithmodulusk.
F(qo>ko)incompleteellipticintegralofftrstkindwithmodulusko,
amplitudego ‘
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integralofsecondkindwithmodulusko,
—1 Il– -bOzsin 1-%2
completee~iptic
completeelliptio
.
integraloffirstkindwithmodulusk
integralofsecondldndwithmodulusk
incompleteellipticintegraloffirstkindwithmodulus
amplitudeq
incompleteellipticintegralofsecondkindwithmodulus
amplitudeq
.
Sti-l J_Jl+mkl T
incompleteellipticintegral
amplitude*
incompleteellipticintegral
amplitude*
b/py+mx~ l+msin-l~ — —k? py+x ~
[E(k)–K(k)]F(q,k’)+K(k)
[I@) –I@)] F(*,k’)+K(k)
Subscripts
termsrelatedtothe
termsrelatedtothe
conical
offirstkindwithm@ilus
ofsecondkindwithmcdulus
E($,kt)
pressures(exceptasnoted.)
k!,
k?,,
kt,
kt,’
quasi-conicalpressures’(exceptasnoted.)
.
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A termsevaluatedatthepointA(xA,yA)onthewingboundery
[
%Coon thetrailingedge,XA= — , yA=%=oa
ret-a lx%-);onthetip,n- 1
L termscorrespondingtosteadylift
P terms
R terms
C.g. terms
configuration
correspondingtosteadypitchingvelocity
corresptiingtosteadyrolliqgvelocity
referringtocenter+f+gravityaxisofairplane
a designates’’perunitangleofattack~
.
Superscripts
1 termsrelatedtoqmmetricalcancelingsectorsinwake
*1 termsrelatedtoobliquecancelingsectorsinwake
f?? termsrelatedtocancelimgsectorsoutbcardoftip
METHaDcm’A.NAHSIS
Themethodforcalculatingthepressur~andtiedampingderivative
forflatswep&backwingsinsteadypitchisdevelopedina mannersimi-
lartothatinreference7 fcmwingsinsteadyliftandinreference9
fcmwingsinsteadyroll.Thepresentanalysis,therefore,willbe
shortenedsomewhatbyreferringfrequentlytothesetworeports.The
analysisisrestrictedtowingshavingstraightsubsonicedgesand,
althoughitcanbeadaptedeasilytowingswithnegativerake4atthe
tips,isapplied.onlytocasesofzerorake(i.e.,streamwisetips).
A thoroughtreatmentofthosecasesinwhichtheMachlinesoriginating
atthetrailingedgeintersectthelesdingedgeisnotincluded;however,
resultswhicharesufficientlyaccurateformostpracticalcasesofthis
typecanbeobtainedfromthemethodasoutlined.
‘Throughoutthereportheterms“pressure”and“pressurecoefficient”
willbeusedsynonymously.
4Therakeattinetipisnegativeifthetipslopesinwardlyfrmuthe
leadingedge.
,
.
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Inthecomdinatesystemchosenfortheanalysiq,theoriginis
locatedattheapexoftheleadingedgeandthe x axiscoincideswith
theroot-chdlineofthewing.(Seefig.1.) The y and z axes
extendspanwiseintheplaneofthewingandperpendiculartotheplane
ofthewhg,respectively.
Theanalysisisfacilitatedbyassuminginitiallythatthepitching
axiscoincideswiththe y axis.Subsequently,thepressuredistribution
duetopitchingaboutqnaxispassingthroughthecenterofgravityofthe
airplaneconfiguraticm(assumedtolieonthe x axisata distance
xc-godownstreamfiomthey axis)canbeobtainedbysuperposingonthe
Pitchiruzmotionabout he Y axisa verticaltranslationalmotionof
~elocityqXc.g.o The pres&e distributionduetothiStranslational
motioncgresp6ndstothatofa wingata constantangleofattackof
—
-qxc,geJv.
where3?P
theexcess
responding
(Seereference4.) ThUi,
(I?p)
= ‘P’-(?9‘~
ana P
&
have
basicpressure
trallsfcmmation
(1)
1
0
beencorrectedfortheeffectsofcanceling o ‘
inthewakeandoutboardal?thetips.Thecor-
forthedampingderivativeis
inwhich (c%)y - (%1
arethedampingderivativeandlift o
coefficientcorrespondingtosteadypitchingmotionabouthe y axis,
aria.canac% %
are the momentcoefficientand.liftcoefficientper
unitangleofattack.Inadertosimplifytheanalysisinthepresent
report,theterms
Uc% y w (%)y
arecalculatedasa single
termCm suchthat
q
.
.
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Itshouldbe observaithatthetermC
%
thenrepresentshedamping
momentaboutthecenter+f-gravityaxisresultingfromtheleadingdue
tosteadypitchabout he y axis,andthereforedoesnot,byitself,
constitutehecompletedampingderivative( xceptinthespecialcase
inwhichthecenterofgravityliesattheleading-edgeap x).The
additionalterms(P%,NJ and C%) requiredforotherlocatims
ofthecenterofgratitycanbe calculatedbythemethodofreferences
7tIIIa8.
Theorderoftheanalysisconsistsinthederivationfthepressure
distribution,followedbythecalculaticmofthe.dampingderivative.
,
PressureDistribtiion
Followingtheproceduregiveninreferences7, 8, and9, theswept-
backwingisconsideredinitiallytobeanintegralpartofaninfinite
triangularplanform,theleadingedgesofwhichcoincidewiththose,of
theswept4ackwing.Thenitispossibletocalculatea basicpressure
distributionovertheswept4mckwingbymeansofthesimplexpression
forthetriangularwing.Theexcessbasicpressuresintroducedinthe
wakeandoutbcardofthetipsoftheswept4mckwinginthefirststep
aresubsequentlycanceledbys~erposingoverthoseregionsa seriesof
cauicaland.quasi+onicalpressurefields.Atthesametime,theKutta
requirementofzeropressurealcmgthetrailingedgesandtipsisful-
fillea. Ifthetrailingedgesandtipsaresupersmic,theseexterior
pressuresmaybeneglectedsincetheirinfluencedoesnotextendonto
theplaneofthewing.Forwingswithsubsonicedges,severalprimry
andsecondarycorrectionsrepresentingtheeffectsofcancelingthe
excesspressureinthewakeandoutbcardofthetipsmustbeaddedtothe
basicpressures.
Basicpressuredistributim.–Thebasicpressuredistributionf r
thetrian&larwinginsteadypitchisgiveninreference4 as .
(3)
Thevariationfpressureisseentobequasiconical(i.e.,thepressure
varieslinearlyinthe x directionalonga givenray a) andtobe
dependentprincipallyuponthesweepbfthe&ding edge.Equatim(3)
.
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alsocanbeuseddirectlytocalculatehepressuredistributionofswept-
backconfigurations,exceptinthevicinityofa subsonicboundary.For
theconfigurationc sideredherein,theregionsinwhichtheabove
expressionisinadequatearelabeledI,II,andIIIinfigurel(a).
RegionI isinfluencedbytheexcesspressureinthewake,regionIIby
linexcesspressureautbcardofthetip,andregionIIIbythepressure
bothinthewakeandoutboardofthetip.
Primarycorrectionsduetocancellationofbasicpressureinwake.-
Thecorrectiveterms,whichinregions1,11,andIIIcorrespcmdtothe
inducedeffectscausedbythecancellationoftheexcessbasicpressure,
aredesignated“primarycorrections”inthefollowinganalysis.Theyare
derivedbysuperposingalongthemibsonicboundariesa eriesofsectms.
0:conicalandquasi~onicalpressurewhich,whenintegrated,completely
canceltheexcesspressure.Thefunctimforeachsectorofcanceling
pressure,inordertofulfilltheboundaryconditionsofthepressureto
becanceled,must:
1. Representa fieldofpress~econsistingofconicalandquasi-
conicalportionswhichconfurmwiththepressurefieldgiven
. byequatim(3)
2. Havea downwashflowfieldwhichdoesnot,ingeneral,extend
ontotheplaneofthewing,inorderthattheflatnessofthe
wingbemaintained
3. Satisfythelinearizedquationforpotentialf ow
A function,whichfulfillstheaboverequirementswithregardtothe
cancellationofthebasicpressureinthewake,iscomposedoftwoprin-
cipalparts:thefirst,representedbya singlesymmetricalsectorof
pressure,andthesecond,representedbya seriesofobliquesectorsof
infinitesimalpressure.Thefirstcancelstherelativelyargefieldof
pressured terminedbythebasicpressureattheapexofthetrailing
edge(fig.2(a)),andthesecondcancelstheremafilngsmallerportion
ofthepressure(fig.2(b)).
Thefirstprincipalpartofthefunctioniscomposedofa conical
anda quasi-conicalomponent,andcanbederivedfromthesynunetrical
functionpreviouslyutilizedinreference7 fortheliftingcase.Thus
tinefunctions
51tisunderstoodthattherealpartof F(go,ko)applies.Forvalues
of sinQ greaterthanone,therealp3rtof q. isequalto Ye/2,
andther% ~rt of F((po,ko)isequalto Ko.
.. ..=— ---
.,
.
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where
and,wherePLO istheliftingpressureatthe
edge,canbeuseddirectlyinthepitchingcase
apexofthetrailing
tocancela fieldof
cofikntpressure,qualinmagnitudetothepressure(duetopitch)
atthetrailing+geapex,byrewritingitintheform
–w&F(go,ko)
o
m
-1 El-to=sin —
(4)
.
d 1+
where~. isgivenbyequation(3)for a- m X=OY *t is>
Thefieldofpressurecanceledbyti ofequation(4) is conical
(fig.2(a),sincethecancelingpressureiscmstantalongtheraysto
originatingattheapexofthetrailingedge.
A symmetricalfumtion,whichmucelstheremainingquasi-onical
portionofthepressure(fig.2(a)),canbederivedbythemethodof
superposinginfinitesimalconicalpressurefields,asoutlAnedin
reference9. !l?hederivation consistsinthefommtionofa functionfor
a quasi-onicalpressurefieldbyintegratingtheeffectsata point
P(x,y)onthewingofa seriesofinfinitesimalsymmetrical.conical13eo–
torsrepresentedbyequation(4).ThesectorsareUstributedina p~
idalarrangementwiththeapexeslocatedalongtheray ~ = O. If ~ is
thestresmwisecoordinateoftheapexofeachsectormeasuredfromtheapex
ofthetrailingedge,andthelimitgo designatestheapexoftherear-
mostsectorcontainingthepointP(x,y) withinitsMachcone,the
.
.—. . .. . -— .-. ...— .—..—-- --— .-. .—— ..-.. --—. .—— — ----
—.— .. —-
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derivationleadstothee~essions
inwhich
mtg=yg
and ?31isa constant.Asdesired,the
.
realpartofequation(5)
directiyproportionaltothedistie (X730)‘andvarieslinee&lj
to betweentheray to=0 andthelmailingedgesofthe~ as
infigure2(a).Theexpression,however.educestothevalue
.
(5)
*
is
with
shown
6=(X%o)(KO%72)&o, &tead ~ zero,a~ongthetrailtngedges.Hence,
inordertosatisfytheboundaryconditionsalongtheb?ailingedges,It
isnecesearytosubtractfromeuaticn/5) anadditionalfunctionwhich
hasthevalueb=(rco)(~fi/2)~ in the regionofthewake.Thisaddi-
tionalfunctioncanbederivedfromthetwoeqressionsobtainedbysuper
posingtheinfinitesimalconicalsectorsrepresentedbyequation(4)along
theraysto=mt and to=-t, respectively,ina mannersimilarto
thatforderivingequation(5). Inthismanner,thetwofunctions
[
fa=r.p.&(x-o)~(l~to D(Qo,ko)+(to-~)E(~o,ko)- 1‘0% J(l-to2)(to2%2)H
aredetermined.Sinceonlytherealpartsofthesetwofunctionsaretobe
considered,thefactorswhichdetermine’thesignsoftheradicaltermsmay ,
bereplacedby to/It.1. Thetwofunctionsarenowaddedgivingthe
resultantfunction
#= (6)r.p.54(x-O)rF(~o,ko)- E(To~ko)]
*Theabbreviationr.p.indicatesrealpart.
.
.. .
.-, . --”
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whichalongthetrailingedgeEreduoestothevalue54(x-oo)(~*). ‘
If 84 issetequalto 51(Ko-x/2)/Ko(K~’o),then~uation(6)
becomestheadditionalfunctionrequiredtosatisfytheboundarycondi–
tionsalongthetrailingedges.7Exceptforthedeterminationoftheoon-
stant51; thee~ressionobtainedbyconibiningequations(5) and(6)
desoribesthedesiredfieldofquasi-oonioalnoelingpressure.This -
funotionmusthavethesameboundaryvaluealongthe x axisasthat
givenbyequation(3)with x replaoedby X-oo,thatis, .
X-a. ~ ()‘Po lb X+. X+.51=;= T __=ppo T$R co
Thus,51 mustbeequalto 2Ppo~/Ycoo,
spendingtothequasi+onicalportionof
.
andthe correctivetermoorre-
thepressureb mmes
1
%?,’=
(7)
Equat30ne(4) and(7) togethermmptisethefirstpartoftheovex
allfunctionrequiredtooanoeltheexcessbasicpressureinthewake;
Thefieldofpressurepresent@bythesequationsi showninfigure3,
inwhiohtheregionsofoverlapping(orinduced.)pressureonthewingare
irilioatedbythedottedlines.
Thesecondpartofthecompletepressure-oanoel.i&funotionfcrthe
basicpressureinthewake(consistingofa seriesofoliliqueseolmrs)
hasbeendevelopedinreference9, but inthefom appropriatetoa Gondi-
tionofsteadyroll.Thee~ressionfora singleobliquesectorofcanoel-
ing pressurefortherighthalfofa rollingwingis
7Itisinterestingtonotethat,ifthedifferencebetweenthefURO-
tionsfl S@ fa istaken,thefunotion-
f5 [= r.p.~Y E(qo,ko)- %2 F(qo,~)- —It:IJ (1-to2)(to2+@). 1
whichisdirectlyproportionalto y, isobtained.Thisfunotion ,
and f4 havebeenderivedbyothermethodsinreferenoe10,andare
utilizedinreferenoe6 tocalmlateapproximatevaluesforthedamping
inrollandpitchforsweptAaokwingswithsubsonictrailingedges.
.. —...-. ---- ..— —. .— ...— —.- -——.—— .—-------- — - . .— ..-- —- -—————-- J -.,
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.
I(8)
where
x,, (1-a)(lHllt)- (m@)(l-*)
=
(Ml@-a)
andwhere~A isthepressureinsteadyrollata
thetrailbgedgedefinedby
%00xA=_&
~coa
yA=—$(m@)
point A(XA,YA)on
.()Equation(8) isseento~ madeupoftwommponetis,thefirst ~R=~t
[)ooniml.,andthesecondM ‘tR,
qy.asioonical[duetotheterm (y-yA)/yA].
Equation(8) definesanobliquesectorofinfinitesimalpressureto
besuperposedonthebasicpressureintlrie~ke. Ass@wninfigurel(b),
eachsectorhasanapexatthePo~* A(XAjYA)onthetrailingtige,a
baseataninf~tedistancedownstream,andistmundedoncmesidebythe
ray a andontheotherbythetrailingedge.Thisexpressioncanbe
usedtocancelpressuresdueeithertorollorpitch;however~forthe
caseof”pitchitisnecessarytorewritetheequationi termsof x and.
xA rathert- y ti yA. ~~j bysubstitute=
.
3 =a y-yA
~A t yA
() ()wPA-%A Cos=xw+ ~a(aep~~)=–: *
( ,l)+&(A-&p,?*’)=d N?p=
—— .-— -—- _-
————- —
,.-
transformedto
X-XA~-t
(
Cos—1xtf-
—. —
xA ~~
I
(9) #
.
,
——— ---- —-- -- --
.. ... -----
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.
Thefieldofpressurepresentedbyequation(9) isillustratedin fig-
ure“4,inwhiohthelowerportionofthepreqsurecorrespondstotheconi-
calmmponentandtheupperportiontothequasi~onioalmmponent.The
regionofthepressure‘whichoverlapsthewingisshownbythedottedlines.
Thetotaleffectuponthepressureata pointP(x,y) ontheri@t
wingofcanoelingthefieldofbasicpressureinthewakeinexcessofthe
pressurecanoeledbyequations(4)and(7)isfoundbyintegratingequa-
tion(9) betweenthe limitsa== and a=ao.Theupperlimita. repre-“
sentstherearmost
P(x,Y)(fig.l(b)),
sector,theMachconeofwhichpassesthroughthepoint
andisdefinedinreferenoe7 as
fw+c.-x
..” (lo)a. = % py+~oo–x
Also,for XA locatedonthetrailingedge,itcanbeshownthat
X-XAm# mtx+Y
—=— — 1 .
x~ m@ m@o
Hence,forthebasicpressureinregionI,thesecondpartoftheprimary
correctionbecomes
where
qco & r 2ni4-3m2a2+ s%
*A- _
da ()2V E L(m@)2(@--a2)s/21
A graphicalmethodofintegrationisrecommendedforsolvingequatim(U).
Theseparateconicalandquasi-conicalomponentswillberetainedthrough-
outtheremin~eroftheanalysisinordertoshowtheirelativemgni-
tudeswhenapplyingthemethodtoa typicalconfirmation.
Equations(4),(7), and(U) thereforecomprisethecompletes tof
primarycorrectionstobeaddedtothebasicpressureinregion I adjacent
tothesubsmictrailingedge.Theyareonlypartialcorrectionsfw
regionIII,whichisalsoaffectedbythecancellationofpressureout-
boardofthetipsandbythecancellaticmofcertainsecondarypressures
. tobediscussedlater.
. . . . .—-. .- ~ -.--., —-—; -.-————-— -.—. -—-- ——....—----—————. -—- -
. ..- -..
—— —
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IWmarycorrectionsd...tobasic-pressurecancellationoutboardof
taEL-Ingeneral,theexcessbasicpressureoutbce.rdofanystisonic ~
boundary(excepttheleadingedgeora tipwithpositiverake)maybe
canceledeitherwhollyorinpartbymeansofequation(9). Thisexpres-
sioncanbereadilymcdifiedtocmformwiththeboundarycondithnsof
theexcessbasicpressureoutboardofthetips.!l!bsecticmofthis
excesspressureatthetipisshuwnW figme2(b).Withreferenceto
figure~andnot* thatthewingliesinthenegativerangeof t of
eachsectorofinfinitesimalc ncelingpressuretobesuperposedoutboard
ofthetips,itisseenthattoapplyequation(9) to thetipitisneces-
saryonlytostistitute*, –t, and -a for ~, t, and a,
respectively.Thus;fora right4andtipwithzerorake (ms=O),
= ‘ (-”) “(-J”)
whereX*s reducesto
.
.
~lt? a+t+2at=—
andwhere
Thesectcmofinfinitesimalc ncelingpressurer presentedbyequation(U)
isshownfifigure~. Inthisanalysisonlythetipwithzerorakeis
considered.;however,thetipwithnegativerakecanbetreatedinananalo-
gousmanner. Thecorrectionforthetipwithpositiverakealmgwhich
thepressureisinfinite,althoughnotconsideredherein,canbe calculated .
byadaptingtothepresentcasethemethodgiveninreference8 forthe
caseofsteadylift.
all
Thetotal effect onthe pressureat a pointP(x,Y)ofuncel@3
thepressureoutboardofthetip,asshm ~ fi-e 5Jisf-
-. -,.;-
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. by integrating
a.forthetip
equation(12)betweenthelimitsa=ao and a=m,where
isgiveninreference7 as
so. * ‘
R is notedthat the term dpp/@ bec~s ~~inite at the UPPXl~t
ofintegrationm; therefare,Atheintegratiashouldbemadeaccording
tothemethdofreference7. !I!hismethaleadstotheexpression
which,aftersubstituting
reducesto
.
theexpressionfor PPA frmnequation(3),
‘J’m. xA ~o (py+x)(a%a).— da1co %(1+4 (f3y-ex)J(m2.+2’2)(a’+o) (1*)
a.
= AZ?pl
‘q’+~P2t’t
Thefirstintegralrepresentsheconicalportionofthecancelingpres-
sure,andthesecond.integral,thequasi~onicalportion.Equation(13)
hasbeenintegratedintermsofellipticfunctionsinAppendixA. This -
equationthereforeb comestheprimaryccmrectionfa thebasicpressure
atpointscontainedwithinthe~ch linesfromthetipoftheleading
edge(regionII,ad regionIIIinpart).
,’
InAppendixA, itisinterestingtonotethatalongtheMachline
originatingatthetipoftheleadingedge(correspondingto ao~) the,
conicalpartoftheprimarycorrectionforthetipdoesnotreduceto
. zero.Thiscorrectionthereforepresentsanabruptdropin&essure
which,asisshowninthefollowingillustrativeexample;issufficiently
lazgetocancelnearlyallthebasicpressurebetweentheMachlineand
thetip.Similareffectswerenotedinthecasesofsteadyliftuncl
steadyroll.
-.. . - .-— ----- -.-+ --- --, . .. -— .—— —— —---
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Second-mycorrections.-Thusfar,by“meansofequations(4),(7),
(l-l),and(A5),alltheexcessbasicpressureinthewakeandGutboardof
thetipshasbeeneliminated.However,sincethecancelingsectorsused
“intheprocessareals?infiniteinextent,stillfurther,althoughmuch
smiler,excesspressuresareagaintitrcducedincertainregicmsinthe
wakeandoutboardofthetips.Forexample,asshowninfigure6 forthe
righthalfofthewing,excessecondarypressurewillbeaddedtothe
shadedregionoutboardofthetipand,insomecases,forward~fthe
leadingedgeasa resultofsuperposingthesymmetricalandobliquecan-
celingsectorsalongthetrailingedges.Ina likemanner,excessecond-
arypressurestillremains in small regionsdownstreamfromthetrailing
edgeaftercancelingthebasicpressureoutbcardofthetips,asshown ‘
forthelefthalfofthewinginfigure6 (thesecondarypressurein
extremecasesoverlappingtheoppositewingpaael,asshown).A rigorous
mathematicalemalysiswouldrequirethecancellationofthesesecondary
pressuresand,inturn,thesuccessively’smallerexcesspressureintroduced.
bycancelingthesecon@rypressures,andsoon. Thedetailsofcanceling
thesesecondaryandlesserpressuresbynumericalmethodsarediscussedin
references7 and8; but,sincetheprocedureisrathercomplicatedan
leadstoonlyminor@provementofthefinalvalue,approximatemethcds
willbeutilizedhere.eThus,ifthesecondarypressureisneglected,
thepressurealongtheportionofthetipandtrailingedgeaffect~by
theseccmdarypressurewillnothavebeenreducedtozero.Themagnitude
ofthiserrorbecomesevidentaftercalc~thg thechordwisepressure
distributionsalongsectionsearthetip.Theseccmdarycorrectionfor
theerrorcanthenbeeasilyestimatedusing,asguides,thetrendsof
theprimrycam?ectione.Asshowninfigure1,theregionsinwhichthe
secondarycorrectionsapplyarelocatedbetweenthe’wingboundariesand
theMachlinesreflectedfromthepointswheretheMachlinefromthetip
oftheleadingedgeintersectsthetrailingedge,andwherethel&chline
fromtheapexofthetrailingedgeintersectsthetip.Theexcessecond-
arypressureadjacenttotheleadingedgeisneglectedincasesinwhich
theMachlinesfromthetrailing+geapexintersecttheleadingedge.
Thisapproximateprocedureissufficientlyaccuratefromapractical
standpoint,aswillbeshowninthefollowingillustrativecase.The
effectonthepressuredistributionofsecondarypressureexistingupstream
from the leading edge isnottreatedhere,butisbelieved,onthebasis
oftheresultsgiveninreference8 fcmtheliftingcase,tobesmalJ
enoughtobeneglected.
Violationsofdownwashboundamcmditions.–Althought eequations
forthesectorsofcmcelingpressureingen=aldosatisfytheboundary
requirementsforthepresswe,theydonotineverycasecomplywiththe
conditionthatthedownwashflowonthewingbezeroinorderthatthe
wingbeflat.Asdiscussedinreference7,thetermscos-lX~: ~
‘Itshouldbenotedalsothata detailedanalysisofthesmallsecondary
correctionswouldnotbefullyjustifiedinviewofthepossiblesigni-
ficanteffectsofviscosity,whicharenotconsideredinthepresent
analysis. .
c1
.
—
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“C__1.~~12intheexpressionfora singleobliquecancelingsectorforthe
wake(equation(9)) havea real part, whichcorresptis to pressure,and
animaginarypart,whichcorrespondstodownwash.Fortheseoblique
sectors,therealpartsarezeroonlyintherange-1~ t ~a, andthe
imaginarypartsarezeroonlyintherange~ < t~ 1. Itisobserved
thatsomeoftherays(inthenegativerangeof t) fromthesectors
neartheapexofthetrailingedgeofonewingpanel(saytherightpanel
infig.1)willpassoverthe~“ositewingpanel,thusintroducingsome
downwashflowonthatpanel.Thesameeffectsoccuronbothpanels,but
theregionsofthewingandtheamountofthedownwashflowinvolved,in
general,aresmall.Hence,someinaccuraciesnthecancellationproce-
dureareunavoidable,buttheyarebelievedtobeinsignificanti he
finalresult.
Illustrative‘ap@ication.-Toillustratetheapplicationofthefore-
gojnganalysis,thepressuredistributiawlongchordwisectionsA+
andM sadalongspanwisectionsC-C,M, andIKEofthewingin
figure1 havebeencalculatedandtheresultsplottedinfigure7. In
thisexample,the y axisisassumedtobetheaxisofpitch.Forc-
parisonoftheirmagnitudes,theconicalandquasi<onicaltermsinthe
trailing~geandtipcorrectionsareshownindividuallyinparts(a)and
(%),whereitisobservedthat,iugeneral.,thequasi-conicaltermsare
smallcomparedtotheconicalterms.Bothforthisreasonandbecausethey
involvea cmsiderableportionofthecomputingtime,thequasi-conical
componentsprobablycanbe&uppedinmostpracticalcases.Theprocedure
forcalculatingthepressuredistributionthenbeccmesessentiallythe
sameasthatoutlinedinreferences7and.8 forsteadylift.
A closeapprmdmationtothepressuredistributionnsteadypitch,
therefore,maybecalculatedbythefollowingsteps:
1. CalculationofthebasicWessuredistributionf rtheentire
WiIl$ bymeansofequation(3) .
2. Correction
edgeand.
(regions
3. Correcticm
the~ch
and.III)
4. Estimation
fthebasicpressureb tweenthesubsonictrailing
theMachlinefl?omtheapexofthetrailingedge
IandIII)bymeansofequations(4),(7),and(l-l)
ofthebasicpressureb tweenthesubsonictipsad
linefromthetipoftheleadingedge(regionslZ
bymeansofequaticm(A5)
fthesecondarycorrectionsbetweenthewingboundaries
andthereflectedMachl~esfromthetrailingedge& tip,
usingasguidesthetrendsoftheprimaryccmre~tionsinsteps
2sd3
5. Additionofthenscessaryliftingpressuretiaccordancewith
equation(1)
------- — .. —- ---—-.. --— --- ”.. . --.-——- -- -—,—-—-
——.. ——-. — -- —
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Whereless accuracyis required,equation(7) andthe quasi-conicalterms
in equations(U) M (A5)maybeomitted.Iftheregionbetweenthewing
boundariesandthereflectedMachlinesis,small,thenstep4 mayalsobe
excluded.
.
Derivati’%forDampinginpitch
Thederivativefor the da@ng in steadypitch is calculatedin the
samemanneras the pressuredistribution; that is, the basic uncorrected
valuewilJ.firstbedetermiriedbased.upontheexpressionsforthe~essure
distributionof triangukrwings,andthenprimaryandsecondarycorrec–
tive termsresultingfromthe cancellationof the excesspressurein the
wakeandoutlxardof the tips will be added. Asbefore, the conicaland
quasi-conicalcomponentsare develqkdseparatelyin mderto ascertain
their relative magnitudes.
Ifthedistributionofpressmeisknuun,aswe12asthecorrespon&
-
momentarmtothecenterofpressureofanysectorofthewing,the
b- m~t h pitchforthebasicplanformandfortheseparate
regionsaffectedbythecancellationoftheextericmpressurecanbe
readilycalculatedaboutsomeparticularlateralaxis.Thespanwiseaxis
passingthroughthecenterofgravity(assumedtolieonthe x axis)has
beenchoseninthisanalysis-.However,sincethepressuredistributionis ~
basedona pitchingvelmityaboutthe y axis,thechoiceofanyaxis ‘
otherthanthe y axisrequiresa computationofltheadditionalngle-.+
of~ttackcorrectionsgiveninequation(2).Hence,thedampingderiw
‘tivecalctitedinthefollowingsecticmsisno$,initself,complete,
exceptwhenthecenterofgravityliesattheleading-edgeap x.
Basicvalueforthedampingderivative.– Withreferencetofigure8,
itisseenthatanincreimntofdampingmomentduetothebasicpressure,
whichisquasicmicallydistributedwithrespectothe Y axisonan
elementofarea (dS/da)da,isequaltotheproductoftheresultant
forcedZ andthemomentarm Z, thevalueof ~ be- (3A-xc.g.)l
Thus,fkomequation(3) andtddng into accuuntbothI@ves of the wing
aM=-2zdz
Inthisequation,theresultantforceisbasedonanaveragepr’essure .
equaltotwo-thirdsofthepressureatthepointXA}yAattheendofthO
sector.Thetotalmomentisfoundbyintegratingth@ expressimoverthe
tworanges,O ~ a ~ ~, forwhich(fromreference7) .
—
.-, . ---
. “.
—
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(3EL2j3(m@)2
and at< a~ m,forwhich
= fm
‘A 7
~ @2
l—=—
da 2a2
Equatipn(14)hasbeenintegratednumericallyinAppendixB whereitis I
expressedintheformofthed.amping-in~tchderivative,thatis,
Sincethepressurecoefficientandtheparameter()
qco aredirectly
. =
relatedinthelinearized.potentialtheory,thederi%tivemaybewritten
as
Thetapered(m# ~) andtheuntapered(m.= ~) swep~ck planforms
aretreatedseparately.Theresultineachcasere~esentsthebasic
uncorrectedvalueof,thedampingderivative,towhichmustbeaddedthe
followingprimaryandsecondazycorrectionsduetothecancellationof
thebasicandsecondarypressureinthewakeandoutboardofthetips.
Prinmwcmectionsduetocanc&lationfbasicmessureinwak.–
Ifthetrailingedgesaresubscmic,itisnecessarytoccmrectthebasic
valueofthedampingderivativefortheeffectofcancelingtheexcess
basicpressureinthewakebyuseoftheobliqueandsymmetricalsectors
ofpressure.Consideringfirstheportionofthebasicpressurecanceledr bythesymmetricalsectors,.theincrementofforceonanelementofwing
area (ds/dto)dtoduetothecancellationoftheconicalCOmpOI18ntis
. () PPO~lt . ~ ~ F((po,ko)‘&- dtoo .( )o
.
.
.
.-. . .—-4.- .- —.. .—-. --. —.- —------ -—- ..- ——— — ——- —. ——-—-— —— -— -.”.—-.
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Thatduetothequas~+onioaloomponentis
.
.
1~1si.-l/--Ko::)rF(%Jko)&(Qos%1 }&) .*O
inwhichtheaveragepressureistw-thirdsofthe?miximumvalusatthetip
(a leading~ge)endoftheelementofarea.Asillustratedinfime 9,
themomentarmsof thetworespectiveforcesare
:1‘
~ (%+0) – Xc.g.=co+~
—tX2 = co+ : (X.+o) - xo.g.
.
givingtheincrementsofinduoedmoment
w’ = z..’ Uzzt
Thetotalinduoedmmentonthe wingis foundbyinte~atingthesetwo . ‘
equationsbetweenthelimitsmt a 1. IftheraY.to ~tersecthe
leadingedgeaswellasthetip,theintegrationmust.beperformedsepa-
ratelyoverthetworanges~ < to< ~ ~ % ~ tO< 1> Wke %
as shuwninfigurel(b),desi~tes%heraypassingthroughthetipof
thehailingedge(i.e.,m@ms/(@zo)) l F= tOS %
x.= 136+co
to
l as = $s2——
dto 2t02
whilefor to~ ~
C*
% =—+CO .to+m
as= *coz
.
~ 2p(to+ll)2
.
.. ..
. . .
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wseduponthesevalues, the damping correction,ewressedin
farm,tobeaddedtothebasicderivativethereforeb comes
23
derivative
.
ACmq‘
= ‘%1’ + ‘%2’
where
(s J’ (+%%-’*)(%3’‘(&’&)““1‘“)%
“r
.
1~1“’”-’m-::!)b’o’-E(’’’JI}””+”+
1} ]1~1 sin-’m-=F(~oJko)-E(~”~k.) ‘to
(17)
#
If ~ isgreaterthan1,thesecondintegralsinequations(16)end
(17)arenotreqtired.Theequationsshouldbetitegratedbya grsphicel
methml.
Thedsmpingcorrectiondueto the cancellationof thebasicpressure
in thewekein excessof that canceledby equations(16) and(17) is
calculatedin a similarmsnner.!lheinducedmomentonthewingduetoa
-.
. . . . - . .. . ----- -. - .—— -.-—-. —-—— ---- --
~ -.. .— —— —...-—— -------
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singleobliquecancelingsectororiginating
trailingedgeisftistdetermined,and.then
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ata pointA(XA}YA)m We
thetotalmmentisfoundby
integratingthe effects of all the obliquesectors superposedalongthe
trailing edge. 3!hetworesultantforces, one (dZls~ arising fromthe
cmical portionof the cancelingpressureandthe other (dZ219 from
the qtisi+cmical portion, acting onan elementdf wingarea (dS/dt)dt
are showninfigure10fora singleobliquesector.Ccmsideringfirst
thecaseinwhichnoneoftheraysfromtheobliquesectmsintersect
theleadingedge,theaveragequasi+cmicalpressureistw-thirdsthe
maximumvalueatthetipendoftheelement(forwhichx - xA iseqU81
to fil(s-yA)/t), and the fiWOincrementsof force fromequation(9) becme
al,, .($?):($) dacos-lx,t(g), at
.
.
Thetworespectiw‘momentarmsare seenfromfigure10tobe
ThetermdS/dtisgiveninreference7as
Thetwoincrements
thereforeb come
Thetotalinducedmomentduetoa singlesectorisnowfoundbyinte-
gratingthese xpressionswithrespecto t overtherange”~ ~ t~ 1
“
—. . . . -. ..-. .— —.- ---- . . .. --—. . .. . . . . . . .
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onthewing.A secondintegrationwithrespecto a overtherange
~~ a ~~ thengivesthetotalmomentduetoallthesectorsuper–
posedalongthetrailingedges.Thereforethecorrection,expressedin
derivativeform,fortheregionadjacenttoa subsmictrailingedge
(regions
‘%’ =
=
(18)
“Theresults of the integrationofequation(18)withrespecto t are
giveninilppendixC (caseI);however,a gra@icalmethodofintegration
withrespecto a isrequiredforthecompletesolution.
Configurations,i whichtheMachlinesfrquthecancelingsectcnm
inthelowerangeof a intersecttheleadingedge,requireadditional
calculationsfortherange~~ t~ 1,inwhicht =~ (~< 1) is
definedastheraypassingthroughthepdintsA(xA,yA)W thetipof
theleadingedge(fig.l(b)),thatis,
s— YA%L=~p.
_-xA
m
Thus,the~integrationwithrespecto t mustbemadeoverthetwo
rangesn%<t.c~ and ~~t~l. Ifonlytheconicalpressure
termsarec-&si~ered.,theareaandcenterofpressureofanincremental
are
.
XA2(III- a)’
2~(t–m)2
( )XA ~+2m-a _x-—3t-m C.g.
.. . ... . . . .— ___ -- ... . . . . —.. —.-— — ——- - ...—— ——— .— —-_—. .- .—-
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Thisrangedisappearsforthosesectcn?swhichhaveMachlinespassing
downstreamfkomthetipoftheleadingedge,thelimitingsectorbeing
definedbytheray at (fig.l(b),where
“
.,
1 – (W%d (14
aZ=l _
(@/mtmco)(l=)
Hencefor a~ az,.equation(18) appl’ies. Theda@ng correctionfor
the region O~ a~ az iScalculatedalso in AppendixC (caseII),
. butonlyforthecmicalpressuressincethequasi-conicalpressureshave
beenshowntobenegligiblysmall.
!l?hecompletecorrecticmto the da@ng derivativeresultingftwm
the cancellationof all the basic pressurein the wakeis comprisedof
equations(16),(17)~and(c2)(or(c6)~ (c7)~asreq~r~)zinW~Ch
theconicalandquasi-conicaltermsareretainedassep4ratecomponents.
PrimarYcorrectimsau to ucellation of basic Pressureoutboard
of tips.- Theprimry correctim fora Subsmictipwithzerorakecan
be calculatedina mannersimilartothatfora subsonictrailingedge.
TheforcesUZ1’**and U2”* on~ elementofwingareaatthetip
duetotheconicalandquasi-canicalomponentsofthecancelingpressure,
togetherwiththerespectiwm~t .~~ ~e sh~ ~ fi-e ~0 me
ccmrespmdstoanaveragepressureequaltotwo-thirdsof-
.
forcedZz~#‘.
themaximumpressureatthepointofintersectimoftheray t andthe
trailingedge,forwhich
=d==K&
t(l+a)
inwhich
—,-. --- .—.—— - --- .. .,- —————_- .-.
-.
..
.
.
.
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Therespective
!l?herefme,the
regionsIIand
mmentarmsare
pr~ry correctiontothebasicdampingderivativefor
IIIatthetipbecomes
27
=~
t(l+a) 1 (9‘w} “(19)
equation(19) withrespecto t intheAnanalyticalintegrationof
range–1< t ~ o isgivenk AppendixD. A suitablegraphicalmethod
forintegratingtheresultantexpressionwithrespecto a (asoutlined
inreference7) isalsoincluded.Thetaperedanduutaperedcasesare
Consideredseparately.
Secondarycorrections.- As discussedpreviouslywithregardto the
pressuredistribution, the calculaticmof the dampingderivative, to
be complete,shouldincludecorrectionsfor theOsecondaryandsmaller
pressures. !l?hlsis mostsimplyaccomplishedby estimatingthe magnitude
of the excessloadingat the tip betweenthe secondary(reflected) Mach
lines andthe edgesof the wing(see diagramsof the pressuredistribu-
tion) andthe distancefrcmthe pitchingaxis to the centerof loading.
For practical purposes,the excesspressureonthe wingmaybeassumed
to varylinearly fromthe maximumvaluealongthe wingboundaryto zero
alongthe 14achline. Theexcesspressurealongthe tip is equalinmagni–
tudeto the correctiondueto the cancellationof basic pressurein the ,
wake;andthat alongthe trailing edge, to the correctiondueto the
.
-..—.. .- .—. .._ __ —. .— . .— .—— —. . —- .. . —, --——— ——— —- ———..-—— ... .. -—
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cancellationofbasicpressureoutboardof’thetips.Theexcesspressure
.
upstreamfromtheleadingedgesmay,ingeneral,beneglected.This
approximatemethdlhasbeenusedinthefollowingillustrativeexample. .
.
Illustrativeexample.-Thederivativeforthedampinginpitchof
theconfigurationshowninfigure1 hasbeencalc~tedusingequations
(B4), (c2), (D3), (16),~ (17)~ theProc~~e@-ven‘ny:wt~~
“cea~ paragraphfortalc-t~ thesec*Y c~ecti~o
examplethecenterofgravityisassumedtobelocatedattheapexofthe
leadingedge.Theresultsarepresentedintable1,inwhichtheconical
andquasi~onicalcmponentsareshuunindividually.
Itisapparentthatthecontributiautothetotalcorrectionfthe
quasi-conicaltermsisonlya smallportionofthefinalva>ueofthe
a= deri~tive~ theref~emy betimed innnnypracticalcases.
Theestimatedsecondaryccmrectioni somecasesmayalsobeinsignifi-
cant,particularlythoseinwhichthewingisconsiderablytapered.If
suchapproximationsarewarranted,thenpossiblythesimplermethodof
reference6 forcancelingtheexcesspressureinthewakemaybeused.
Thecalculationof the dampingderivativethereforecanbe accom-
plishedin the followingsteps:
1. Computationfthebasicvaluefortheover-n planformby
meansofequation(B3) (m (B4))
2. Correctionfthebasicvaluefortheeffectofa sybsonic
trailingedgebymeansofequations(16),(17),and.(c2)
(m (c6)~ (c7),asreqtia),droppingthequasi<onical
termswherefeasible
.
,.
3. Correctionfthebasicvaluefortheeffectofa subsonictip
bymeansofequation(D3),droppingthequasi-conicalterms
wherefeasible
4. Estimationfthesecondarycorrectionforthe
pressuresa outlined,ifrequired
5. Additionoftheangl~f-ttackcorrectionsin
equation(2)
o.
excessecondary
accmdancewith
Thisprocedurefollowscloselythoseproceduresgiveninreference7 fur
theliftingcaseandinreference9 fortherollingcase.
,.
C~CLDDINGBEMKRKS
.
.
T&oughuseofthemethodofthesuperpositionofconicalflows,the -
calctitionofthepressuredistributionandthederivativeforthedamping
l

,.. ,
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in steadypitch hasbeenextendedto includeswep-ck wingshavingall
edgesstisonic (providedtheyare also straight). Themethodpresented
is rigorousif carriedout in detail, but for mostpracticalpurposesit
canbe shortenedconsiderablyby neglectingcertainless significant
termsin the final results. Themethodresultingfromsuchsimplifica-
tion parallels closely thosemethodspresentedfor swep=ck wingsin
reference7 for the case of lift an?lin reference9 for the case of roll.
Althought is analjmisdoesnot includewingshavingpositive m
negativerakeat Ih tips$ it canbeeasilyadaptedtowingshavingnega-
tiverake.Theanalysisisnotcompleteforconfigurationsi whichthe
Machlinesoriginatingatthetrailingedgeintmsectheleadingedge;
however,theresultsgivenforsuchcasesarebelievedtobesufficiently
accurateformostapplications.
Theanalysishasshownthatq@uptchangesinpressureshouldoccur
almg thevariousprimaryandreflectedMachlinesonthewing,especially
thoseoriginatingatthetipsoftheleadingedge.Sucheffectshave
beenfoundpreviouslyforwingsatconstantangleofattackandinsteady
roll.ItshouI&benotes,however,thatsuch&isconttiuitiesinpressure
arenotcompatiblewiththeflowthatwouldbefoundonwingsurfacesin
a viscous.fltia.Thereisetia~cethat,becauseofthepresenceofa
boundarylayeronthewingsurfaces,thepressurechangesaremuchmore
graaualthanthosegivenbythefcmegoingtheory.~ particular,itis
believedthata rigorousnumericalnalysisofthesecorilarycarectians
forthepressureanddampingrierivative(farregionI infig.l(a)),
becauseofthemoderatingeffectoftheviscosity,wouldnotbe justified
froma practical standpoint. Forthis reason,approximatemethodsfor
calculatingthe secondarycorrectionswereutilized in the presentreport..
AmesAeronauticalI boratcmy,
I’?atiqnalAdvisaryCommittee
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APPENDIXA
..
INTEGRATIONFPRESSURECORRECTIONDUETOC~ON OF
BASICIRESSRREOUTBOARD(l?TIP
.
~ equatiaufor the correctionfor the basic pressurein the vici-
nity of a stresmwisetip dueto the ~ce~ti~ of ~SiC Press~e ~~
boardof the tip (eqrmtion(13))~ melyj
f(~)[a+%] 21D?+2 da(By-d ~ (*-2) (a-o)(1*) 1 (Al)
ao
can beintegratedintermsofellipticintegralsinthefollowingmanner:
Substitut@‘$= ~ @VeS
,-
m
J
(nHa)(m+) da+
a. a(F&-) J (*+2) (Ho) (1*)
,
T B@ da*) a(py+) (m?+?)(1-=) (a+
a.
+
.
(A2) .
— --- .—.—. —-— -- —- -- --- ,. -----—— .—--—-
_ .-z-- . ..-— -- —--
-. -,---
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Equation(A2)maybeexpressedintermsofellipticintegralsby substi-
tuting
.
.
‘“”’m I‘=E2!F ““3)
Thus, ()Wo 166-lwp~~?=- — , $~{2bk%-+&f,f’*u+2-V m coBY-J 2m(l+ao) o
(h-f)2~(l+m)(h+k~
h(h+b)
~b+f)2+2b(l+m)(b-k2)
b(h+b)
J’K duo l+hsn%+
1 .’Ho 2b@(l+m)-~.1 (14n2u)du+ao(l+m) bh o
K(h-f)2-(l+m)(h+k2
‘\
l-en2u’au+ .
h(h+b) l+hsn%
o
(b+f)2+2b(l+m)(bk2) K l-n% au
b(h+b) [ = 1}o
where
-of=—
1++30
h _ fly+x =0
py-mxl+ao
(’4)
. . . . . .. .... . .,. .—.-,.-. —------- -- —--- .,---- ---- -— --- —---- —.- -———- ---—
---. — ----- ... . .
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Thesolutiontoequation(Ah)reducestothefinalform
l.’ (af-x=+y)
G&m-13Y)(mx-13Y) ,O+%fi Qo] -,
\
1“0Faopy(li!y+x) K(k)W [2m2(x*y)2-(a2x2+2y2)]-
(~+%w) (PY-#) . 1 $0 –
ad3y(x+J3y) J(mx+fly) (nix--py) 2!A!p.lJq@o}
.
t?r +& t??
= ‘P= P2
where
00 = [E(k)- K(k)]F(~,”)+ K(’)E(%”)
*O= h?(k)– K(k)]F(*,”)+ K(’)‘($,”)
Jb’+o+)k= 2m(l+ao)
,
. .
_— .-
——.- .
.“. ”
“
.
(A5)
.
s
r.
l
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.
Thefirstbracketedterminequation(A5)representshepartofthe
correctiondu6totheconi~lcomponentofthesectcn?sofcanceling
pressure;thesecondbracketedterm,thatduetothequasi-conicalom-
ponent.
.
OfparticularinterestarethecorrectionsforpointsontheI&ch
lineoriginatingatthetipoftheleadingedge.Alongthislinethe
termsa. and k inequation(A5)reduce,respectively,to m andzero;
ati,asa result,thesecondintegralinequation(Al),correspondingto
thequasi<onicalcomponentofpressure,vanishes(since,a-ao~ O).
Ontheotherhand,theconicalcomponentisfinitealongthekch line
andequation(A5)reducesto
AP,,,t=-(!5)::Gj
2m2x2+32v2 “
PY J (x*Y) (=+331
/
33
(A6)
Thusequaticm(A6)~esses anabruptdropinpressurealongtheMach
line.
.
\
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l APPENO~B -
BASICVALUE(It?DERIVATIVEFQRDAMPINGINPITCH
.
Fromequations(14)and(15)thebasicvalueofthederivativefor
thedampinginpitchmiybe-written
.
Aftermibstitutionoftherespectiveexpressionsfm Z and dZ, equa-
tion(Bl)reducesto
(%37’‘“’ “ 11(Il@smo (B2)
I
Thefinal~essions forthetwocases‘@mt (inwhichmt> m) and
afterintegrationofequation(B2),areasfollows:m~~
mj& f
4
(7°) {
J==? %2-2 ‘(%24*)
[3(q2-@ (’t+) (q+)a– 2(’#-’2)(’@@ –
,
—
2#+121Fq2+nLp
1
m?(Xm4-~ *+2*4 )
+
2(m.&@2 6m#(~2-)9
. --
. .
I
.
+
I
-.———
.-, .-—-- —-. ..—.— .—
.
.
.
.
.
.
.
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.
(?$$[(2m%m#m2+InJ&+2m*)J..*2(m&mq2(m@lJ2 -
mS(#-~2 ) 311@#
(“
-1 m%t~
211&(m@?)2 + 2(l@*)%/’ Cos m(mt+t)-
(B3)
‘=%
L
l
4
()
.
‘o
TF [
(4m2~q2) ~m2*2 -
1]
4 (I&at)s } (B4)
5m{1&)g
Ifthe
attack
. . .. . ..
term xc-go is zero in the above equations>then
correctiongivenby equaticm(2) isnotrequired.
- ---- . . . - —- .—--— --;--.-—-—— -- . -...——-- .—--— —— .. —— -- -~— -- ———- —-—-
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Am!3?mxc,
CCXUUi!CTIONSFORDAMPINGDUETOOBLIQ~.
CANCEUNGSECT(RSINW-
Thecorrectionsforthedampingderivativeduetocancellationof
thebasicpressureinthewakebymeansoftheobliquesectorsaregiven
separatelyforthetwocases~ >.1 (i.e.,Machlinesfromtrailing
edgeintersecttip)and ~ <1 (i.e.,Machlinesfromtrail= edge
intersectleadingedge).
CaseI (~>1)
,
Thecorrectionforthiscaseisgivenbyequation(18),which,upon
substitutingtheexpressionsfor ~’~ and dS/dt,becmes ,
‘%’‘ ‘m%l”+‘%2”
r(a (%f[--o’
o %
1
fr
——
%
Integratingequation”(Cl)withrespecto()b2 2 ~ aPpA (a#)2F
%“ =
Ii r!!k
()
M~ 4(% o Z a(mt-)’2
2P
* gives
{-?”:”g”)
! (+ (Z) +[(-:”’”)+
,,
.
~qdt aa--
(Cl) ‘
.
,., .- -.
>.
. .
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where
(C3) “
= %Co “
‘A ret-a
.
Equation(C2)shouldbe integratedgraphically.Sincetheintegrandof
thisequationisindeterminatefor a = O,thefollowingexpressionshould
-.beusedforthepointa = O:
‘(~%”la >=P:) ‘~) [l!&(.-*) +$ (,+3%)]+
3(1-mt)(5+3mt)+ ~(1+~) – 5(1+m# + “16
1}
(ck)
. . ..- .—. . .....-_
---- --- ——-— ----, --------- -- ---- --.-.—- ——- ------- __ ___ __.. ._A.
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The correction
range az<a <at
Mm ‘t =
q
CaseII (~ < 1)
forthiscaseiscomposedof
andtheotherfortherange
two parts,one for the
O~a~aZ. Thus,
Thefirstpartfor a > az is givenby equation(C2). Thesecondprt
has to beevaluatedseparatelyoverthetworanges~ ~ t ~ ~ and
~ St <1, thatis, 0
()‘%’‘ (J’ay%Mtt+fay’yt)
a<az=($)?$9”00 % 0 %
If only the conicalcoMporlent
the correctionfor the range
()‘%” = qfo ‘c()a<al. -E 0
Whenintegrated
(*) reduces
ofthecancelingpressureisconsidered.,
~ f@-yA)
1(7
— - Cos+p= =$PA 1
3“t da YC ()~ztz m@
dtaa +
.,
(C5)
withrespecto t, thiseqressionfora taperedwtng
to
\
J
—.—
—-.—. -- .-. —.
—.—- —
-— -- ---
..:
., —
1
.&.a)(nl@)(l-raJ(lu&) *
}j(%4 (m (%4 ~
where
~ ,,~ (1+)(%+) - (%+)(1*)
%. (1*)(%+)
%
,, . (1-4(%%) - (q#)(l+)
(l~)(nl+
%“ +
(c6)
For an retaperedwing (m%), the correctl~ Is
1}+
F4
g
.
-1
c
.
.
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.
.“
DAMPINGCORRECTIONDUETOCANCEIUTION
OFEASICPRESSUREOUTBOARD(IFTIPS ‘
Thecorrecticmforthedamping’derivativefromequation(19),after
substitutingtheexpressionsfor =1~~?, X2i~~, ~ ~ @ integrating
withrespecto t, becomes U*
7
—-- J2jgJ+bw){-+-e+4q(l+n@(l+a)
.
.-. .. . . . ... —- —. . -----—— .— .,. .—-- ,,. ..— —-. —-. —.- —.. — —,. — —-.-...——.— —— --.——
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1
(Dl) ‘-
.
,
(D2)
where
‘(a)= ($-$Y{(*-x*)[*+ ’(a’l-2(*-9[k+’(a)l}
‘(a)‘w-s{(*-X*)[$t-+h(a)-a4&h-.Pmii
*( ’-*.+
~(a) = *
h(a)= ~11%-a
j(a)= ~
m@
-[rn@+Iq –11
,
2(a) = ~
[(3a*) g(a)+ %-+1 J .(1+.)3(%+) l+% %(1+%).
.
1
.- -. . .
.-, - -.
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‘A becomesin&niteas a approachesm,Sincetheterm—da itis
.
necessaryto transformequation(D2),-accordingtotheprocedureoutlined
inreference7,tothefollowingmoresuitableformfornumericalintegra-
tion,wherethetwocasesm # n% (~ > m) and m = ~ requireseparate
solutionsa noted:
A/xF] +fmy!_#) (*) h}+
~{J%u] ;b3(m+’:~2)-&]+
(D3)
CaseI,m # ~
1(1 +g(a) $- .?&K )
-4amt(l&)@al.=l}-
.
.
.
— - -- ... .. . . ... ....=— ---- -.. .- . - -—— _____ .._
- ---—— . .. —---- -.—. —.— ---- _ ___
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,.
. t
.
inwhichg(a),p(a),h(a),j(a),and2(a)havebeenpreviouslydefined,
g’(a)
[
=_ g(a) + 2a+l
m@ 12J%(1*)(1+%) . ‘
[
(l+2n%)(l+2a)
p?(a)= ~ p(a) + gt(a) +
n&a 4q(l+q)J a~(l+~)(~+a)1
[
,
h~(a) . ~ (m@a) g’(a)–2g(a)+h(aj- (l+2mt)(l+2a)
ret-a 1(1-)(1+%)
j?(a) .-L [ j(a) + 2!(a)–
(l+2mt)(l+2a)
m& 8U@+l@2 Jq(l+a)(l+mt)1
.
.
!.
(l+2a)(~ +1)
2(l+l@ 4%(1+%)(1-) 1
CaseII, m =%
m+’(m)]}-:(: -$)[++g(m)l (:-*) ..
.
.
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J?(m)= ~
(:-$ Y{(:-*) [“(m) -,m=;+&l}-
where
x:-is[J’(.)+*]
g(m)= - _
2m(l+m)
p(m)= --
8m2(l+m)2
h(m)=-L+~
m 8m(l+m)2
4+15m+24m2+8msj(m)=~
24m~l+m)S
2(m)=A
-4m(l+m)2
.
.
.
g?(m) = 1
8m2(l+m)2 “
Pt(4 _ 1+2M
8mS(l+m)s
jt(m)= -.~,
64mS(l+m)4
2t(m) = l+3mt12&+81@-—
. 24m2(l+m)3
0
-. -.. . . . .. . _____ ,—. __. . - ____
. .—— --------- _.
—---
—---- ——.——.. . ._
46 IWCAl?If2197
REFERENCES
1. Ribner,Herbert‘S.,andMalvestuto,FrankS.: StabilityDerivatives
ofTriangdarWingsatSupersonicSpeeds.NACATN1572,1948.
.
“2. Ehrmon,Sidney M.: StsbilityDerivativesofThinRectangdarWings
atSupersonicSpeeds.NACATN1706,1948.
3. Moeckel,W. E., andEvvard,J.c.: LoadDistributicmDuetoSteady
RollandPitchforThinWingsatS~ersonicSpeeds.WA TN1689,
1948.
4. Brown,ClintonE.,andAdams,MacC.: DaruPinginPitchandRoll.of
!l?rian@mwingsatsupersonicSpeeds.NACAR,ep.892,1948.
5. Wves*utO, h., Frank S., m M=golis, Kemeth: TheoreticalStabil-
ity DerivativesofThinSweptbackWingsTaper&toa Pointwith
Sweptbacka SweptfmwardTrailingEdgesfora LimitedRangeof
SupersonicSpeels.I?ACATN1761,-1949.
6. Ribner,HerbertS.: OntheEffectof%ibsonicTrailingEdgeson
_& inROllandPitchofThin
stream.NACAm 2146,1950.
7. Cohen,Doris:TheTheoreticalLifi
SupersonicSpeeds.NACATN1555,
SweptBackWings~ a Supersonic “
(,
of Flat Sw_ck Wingsat
1948.
8. Cohen,Doris:ThecmeticalLoadingatSupersonicSpeedsofFlat
Swept+ackWin$swithInteractingTrailing- LeadingEdges.
NACAm lggl,1949.
9: Walker,HaroldJ.,andBallan~e,Wry B.: -PresswxeDistribution
andDampinginSteadyRollatSupersonic~ h NunibersofFlatSwept-
BackWingsWithStisonicEdges.NACATN2047,1949.
10. Ribner,Herbe@S.: SomeConim.1andQuasi-ConimJ.FlowsIn
Lineaz’izedSupersoni&WingTheory.NACAm 2147, 1950.
.
.
-. - — -. ..- .—. —- - —.Z — .—— —
NACATN2197
!lMBIE.-CAICUIATEDDAMPINGDERIVATIVEFCRWINGSHOWNINFIGURE1
Quantity MagnitudePercentoftotal
c%
(unccmrected) -12.174. 17993
‘%1
‘‘(T.E.,ctical) 1.063 -15.7
.‘%2
*‘(T.E.,quasiconical) .046 -.7.
‘%
‘ (symmetrical,conical) L 883 =7.6
‘%
‘ (symmetrical,quasiccmical) .12g -1*9
‘%
“‘ (tip,Ccmical) 2.431“ -35.8
.
‘%
“‘ (tip,quasiconical) .231 -3.4
Estimatedsecondarycorrections -.400 5*9
c%
(cmectedj -6.791 r 100.0
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h) Ilhstrofive wingphn form.
Figure/’.- Wing planform, coonfhte system,andprin-
cipal symbolsusedinanalysis. .
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(b) Goordinati system and princlwf synlw’s
El
I
,
Hgure 1.- Condilokd.
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lfACATM2197
.
51
/y
I ./”
.
/
/%
#-w
I
I
\ x
~Quusl-conicolportion
(0) R-essurefieAfconceledby symmetricalsector.
z
I
,Y .
.
.
(b) Pressuretk?ktconceledby obl.quesectors.
Figure2’.- Fieldof pressureh the woketo be conceled. “
*
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Figure3.- Symmetr.colpressurecuncelhg“sectorh the wake.
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Figure 4. -An obllque pwssure canceling sector h the wuke. uw
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Figure 5,- Pressure cuncefingsector owlword of the tip.
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0
‘tSecondary
x
.
pressure~
Figure6.- Regions of secondarypressureih the
wokeundoutbourdof the tips undthe leafing
edges.
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.“
/24I ./0 ~Basic pressure~ _/
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“1conhi correction-2 m-~Quus;-conicu/correction(TE)Conicalcorrection.(ZEJ-4 Symrnefricd-coniculcorrection(Z@/“-6
-8
‘o 20 40 60 80 /00
Percent chord
(o) Section A-A.
figureZ-Pressure d%tributionsalong varioussectionsof the il/ustra-
tlve plon form in steudypitch.,
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Muchlihe7 1
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(b) SectionB-B.
FigureZ- Continued
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‘ (c) SectIons
Section
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Flgwe Z- Cimluded.
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F&w’e 8,- Force on ekmewt of whg urea due to basic pwssure.
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Hgufe 9,-Forms on an ekment of whg am due to th contil and quasi-
conical componentsof the symmehlcaf pressun9cuncellng sector in tie
wake,
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Figure 10.- Forces on on element of wing mea due to Me conicul d
quasi-conicul componentsof an obflquepressure cancelhg sector
i.
h the woke.
f.!
I
.
\\ #dtl
x
.
17’gureIL - Forces on m element of wing ores due to the coniil and
wasi-conlcvl componentsof a pressure canceling sector at the tip.
